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The non-semisimple gl(2\2)k current superalgebra in the standard basis and the 
, corresponding non-unitary conformal field theory are investigated. Infinite families 

of primary fields corresponding to all finite-dimensional irreducible typical and atyp- 
ical representations of gl{2\2) and three (two even and one odd) screening currents 
. of the first kind are constructed explicitly in terms of ten free fields. 
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1 Introduction 
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Current superalgebras with zero superdimension and their corresponding conformal field 
theories (CFTs) have emerged in a wide variety of areas ranging from theoretical high 
energy physics to condensed matter physics. In particular, they have found important 
applications in topological field theories [1, 2], logarithmic CFTs (see e.g. [3] and refer- 
ences therein), disordered systems and the integer quantum Hall transition [4]- [8], and 
sigma models on supergroup manifolds [9], to mention just a few. One of the interesting 
characterizations of such superalgebra CFTs is the vanishing of Virasoro central charges 
and the existence of primary fields with negative conformal dimensions which render the 
CFTs non-unitary. The non-unitarity makes the CFTs non-trivial though their Virasoro 
central charges are zero. 

It is well-known that unlike a bosonic algebra most superalgebras admit different 
Weyl inequivalent choices of simple root systems, which correspond to many inequivalent 
Dynkin diagrams (see e.g. [10] and references therein). Given a basic superalgebra, there 
exists a particular simple root system which contains the smallest number of odd roots. 
Such a simple root system is called distinguished or standard. Otherwise the simple 
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root system is called non-standard. Very often one needs to work in different bases (i.e. 
different simple root systems) for different physical applications. 

The osp(2\2) k current superalgebra in both the standard and non-standard bases and 
the corresponding CFTs were investigated in [11]- [15] by means of the free field approach. 
The Wakimoto realization of the sZ(2|2)*. current superalgebra in the standard basis and 
that of the gl(2\2)k current superalgebra in the non-standard basis were constructed in 
[13] and [16], respectively. Three fermionic screen currents for the latter case were also 
obtained in [16]. 

In this paper we investigate the gl(2\2)k current superalgebra and the corresponding 
non-unitary CFT in the standard basis. In sections 3 and 4, we construct explicitly the 
Sugawara energy-momentum tensor and infinite families of primary fields of the gl(2\2) 
CFT for arbitrary level k. This forms the first main new result of this paper. We moreover 
construct, in section 5, three (two even and one odd) screening current operators of the 
first kind in the standard basis. To our knowledge, such explicit construction of screening 
currents is also new. In section 6, we give a brief discussion on the correlation functions 
and derive the Knizhnik-Zamolodchikov equation satisfied by these correlators. 

Let us mention three new and interesting features of our results which do not ap- 
pear in ordinary CFTs associated with bosonic current algebras, i) The operator product 
expansions (OPEs) of some affine supercurrents depend on a free parameter, ii) This 
free parameter also appears in the Sugawara energy-momentum tensor in the free field 
realization, iii) Primary fields depend on two arbitrary parameters for typical representa- 
tions and one arbitrary parameter for atypical representations. It follows that to a given 
representation of gl(2\2) there corresponds an infinite family of primary fields. 

2 gl(2\2)k current superalgebra and free field realiza- 
tion 

The superalgebra gl(2\2) is non-semisimple and can be written as gl(2\2) = g/(2|2) cvcn © 
#Z(2|2) odd , where 

gl(2)®gl(2) 

{H'} © {{£ 12 , £ 21 , Hi} © {£ 34 , £43, H 2 }, H ex }, 
{£13, £ 31 , £ 23 , £32, E 2 4, £42, £ 14 , E 4 i}. (2.1) 

In the standard basis, E u , E U: E 23 (£ 2 i, £ 43 , £ 32 ) are the simple raising (lowering) gen- 
erators, £"13, E14, £ 24 (£31, £41, E42) are the non-simple raising (lowering) generators and 
Hi, H 2) H', H ex are the elements of the Cartan subalgebra. We have 

Hi = En — E 22 , H 2 = £33 — £44, 



#/(2|2) cvcn = 
^(2|2) odd = 
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H' = E n + E 22 + E 33 + £44, 
H ex = En + E 22 — E 33 — E 44 + /3H' (2.2) 

with j3 being an arbitrary parameter. That H ex is not uniquely determined is a con- 
sequence of the fact that gl{2\2) is non-semisimple. The generators obey the following 
(anti-)commutation relations: 

[Ey, E kl \ = 8 jk E u - (-l)(l^mik] + [i]) 5ilEkj , (2.3) 

where [E^, E M ] = E^E^ — (— 1)(M+L?1)(M+M) E^E^ is a commutator or an anticommutator, 
[1] = [2] = 0, [3] = [4] = 1, and E u , % = 1, 2, 3, 4, are related to H u H 2 , H', H ex via (2.2). 

The quadratic Casimir of g/(2|2) is given by C\ = Y^ab (—1)^EabEba- Because 
gl (2 1 2) is non-semisimple, J2a Eaa is a central element and thus there is another quadratic 
Casimir C 2 = J2ab EaaEbb = {H') 2 . Note that C\ and C 2 are two independent quadratic 
Casimirs; in the defining representation, C\ actually vanishes and C 2 is just the identity 
matrix. These two Casimir elements are useful in the following for the construction of the 
Sugawara energy-momentum tensor. 

We shall use Eij(z) to denote the (afline) supercurrents associated with the g/(2|2)- 
generators E^. Then the g/(2|2) current superalgebra at arbitrary level k has the form 

E i3 {z)E kl {w) = k st < E ^ + _J_ (6 jk E u ( W ) - (-1)(W+W)(W + M)^ , (2.4) 

(z — w) 2 z — w v ' 

where 



E n (z) = 


±[(1 - /3)H'(z) + H ex (z) + 2H 1 (z)}, 


E 22 {z) = 


±[(l-P)H'(z) + H ex (z)-2H 1 (z)], 


E 33 (z) = 


^[(l + P)H'(z)-H ex (z)+2H 2 (z)], 


E 4A {z) = 


^[(l + f3)H'(z)-H ex (z)-2H 2 (z)}. 



(2.5) 

The Wakimoto free field realization of the sl(2\2) k current superalgebra in the standard 
basis was given in [13], while that of the non-semisimple gl(2\2) k current superalgebra in 
the non-standard basis was obtained in [16]. Here we give a realization of the gl(2\2) k 
current superalgebra in the standard basis by extending the result in [13] through the 
addition of the current H ex (z). We introduce two bosonic (5-^ pairs, four fermionic b- 
c type systems and four free scalar fields <f>i(z), (f>2(z), (f)'(z) and <p ex (z), which have the 
following OPEs: 



z — w 



^l(z)^ kl (w) = ii kl (z)4j(w) = -^4, 

jC Uj 

0i (,z)0i (u?) = 2 ln(^ - w), 2 (z)0 2 (w) = -2 ln(^ - w), 

(j)'(z)(f) ex (w) = 4 \n(z - w), (j) ex (z)(j) ex (w) = 8(3 \n(z - w), (2.6) 
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and all other OPEs between the free fields are trivial. Then the free field realization in 
the standard basis at arbitrary level k reads 



E 12 {z) = 

E u (z) = 

E 23 (z) = 

Hi(z) = 

H 2 {z) = 

H\z) = 

H ex {z) = 

E 21 (z) = 



E 32 (z) 



Mz) - \^{z)^{z) - \ 

Pu{z) + ^ 23 (z)4 A (z) + X - 



^2a{z) - ^734(^)^23(2) 
^13(2) + 7712(2)^23(2) 

o 



^14(2), 
^14(2), 



1 1 r 1 

^23(2) + 2^12(2)^13(2) - 3-734(2) ^24(2) + -712(2)^14(2) 

Vkdfaiz) - 2 ll2 (z)f3 12 (z) + - ^13(2)^3(2) 

+^24(2)^24(2) - ^14(2)^14(2), 

Vkd<f) 2 {z) - 2734(2)^34(2) + ^23(2)^23(2) + ^13(2)^13(2) 

-^24(2)^24(2) - ^14(2)^14(2), 

Vkd(f/(z), 



Vkdcf) ex (z) - -j=d<p'(z) 

-2 [^23(2)^23(2) + ^13(2)^13(2) + ^24(2)^24(2) + ^14(2)^14(2) 

m(z)lVkdMz)-ii2(z)Pi2(z)} 

+-712(2) [^23(2)^23(2) -^13(2)^13(2) + ^24(2)^24(2) -^14(2)^14(2) 

-^13(2)^23(2) -^14(2)^24(2) - ^(7l2(2)) 2 [^23(2)^13(2) +^24(2)^14(2) 

+^712(2)734(2) [^23(2)^24(2) - ^13(2)^14(2)] +{k- 1)9712(2), 

£43(2) = 734 (2) [^902 (2) -734 (2)^34 (2)] 



+ 



^734(2) [^23(2)^23(2) + ^13(2)^13(2) -^24(2)^24(2) -^14(2)^14(2) 
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+^24(2)^3(2) +^14(2)^13(2) + ^(734(2)) 2 [^23(2)^4(2) +^3(2)^4(2) 



+^712(2)734(2) [^24(2)^14(2) - ^23(2)^13(2)] -(k+ 1)^734(2), 
Mz)^Vk[d<j>'(z) - dMz) + d<h(z)] 

+^23(2) [712(2)^12(2) - 734(2)^34(2) + ^13(2)^13(2) - ^24(2)^24(2) 



+^13(2)^12(2) + ^24(2)^34(2) 



+7^23(2) [712(2)^24(2) + 734(2)^13(2)] ^14(2) + kdip 23 (z). 



(2.7) 



Some remarks are in order. There appears an "anomalous" term, —^d(p'(z), in the 
current H ex (z). Moreover, although the parameter f3 does not occur in the expression of 
the supercurrents, it appears in the OPE of H ex (z) with itself: 



H ex (z)H ex (w) = k 



8/3 



(z — w)' 



(2.8) 



So different choice of (3 will give different OPEs of H ex (z) with itself. This is one of the 
characterizations of the non-semisimple gl(2\2) k current superalgebra. 



3 Energy- momentum tensor in the standard basis 

The CFT associated with the gl(2\2) k current superalgebra is obtained by constructing 
the Sugawara energy-momentum tensor. Such a tensor corresponding to gl(2\2) in the 
non-standard basis has been obtained in [16]. Here we construct the Sugawara tensor in 
the standard basis. Keeping in mind that the dual Coxeter number of gl(2\2) is zero, the 
Sugawara tensor corresponding to the quadratic Casimir C\ is given by 

= (3i2 (z)dji2 (z) +/3 3 4 (z)d-f U (z) 

-ip\ 3 (z)dip 13 (z) - il>l 3 (z)dil>23(z) - il>l 4 (z)dil> 14 (z) - il>l A (z)dil>24{z) 



1 

+ 4 



(dMz)) 2 - (dMz)) 2 + d<f>'(z)d<f> ex (z) - 2 ±^(d<j>'(z)) 2 



k 



1 



2Vk 



d z Mz)-d 2 Mz)-2d z <P\z) 



(3.1) 



With respect to this tensor, all supercurrents except H ex (z) are primary fields. However, 
its OPE with H ex (z) reads 



rp f \ tt , \ H ex{w) dH ex (w) 4/y/k 
Ti(z)H ex {w) = r- H -^d(j) (w) 



4/v ^9 2 0'H. (3.2) 



z — w 



(z — w) 2 z — w (z — w) 2 

This implies that T±(z) is not a correct energy-momentum tensor of the gl (2\2) CFT in the 
standard basis. This is another important characterization of the non-semisimple gl(2\2) k 
current superalgebra. 

Now the Sugawara tensor associated with the Casimir C2 is 



It has a non-trivial OPE with the current H ex (z): 

T 2 (z)H ex (w) = ^\-dff>\w) 
[z — w) z 



4^ N 
Off) (w) 



(3.3) 



z — w 



Comparing the OPEs (3.2) and (3.4), we find that if one defines 

T(z)=T 1 (z) + ±T 2 (z) 
then all currents become primary with respect to T(z) and moreover 

T(AT(,A 0/2 4. 2T{W) 4. 9T(W) 

T{z)T{w) = lz~W + lz—^Y 2 + 7^7' 



(3.4) 



(3.5) 



(3.6) 
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where the central charge c = 0. So T(z) is the energy-momentum tensor of the gl(2\2) k 
current superalgebra in the standard basis. In terms of free fields, T(z) reads 

T(z) = (3 12 {z)d ll2 {z) + fo 4 (z)d lM (z) 

-i/j\ 3 (z)dip 13 (z) - ipl 3 (z)dip 23 (z) - ip\ 4 (z)dil)u(z) - ^24(2)^24(2) 



+ 4 



2y/k 



{d^z)) 2 - (dUz)f + d<f>'(z)d<f> ex (z) ~ W(*)) S 



d I 4) 1 {z)-d 1 (t)2{z)-2d I (t)'{z 



(3.7) 



Note that the energy-momentum tensor depends on the free paramter (5. 



4 Primary fields in the standard basis 

Unlike ordinary bosonic algebras, there are two types of representations for most superal- 
gebras, i.e. the so-called typical and atypical representations. The typical representations 
are irreducible and similar to the usual representations appeared in ordinary bosonic al- 
gebras. The atypical representations have no counterpart in the bosonic algebra setting. 
They can be irreducible or not fully reducible (i.e. indecomposable). 

The main new result in this paper is the explicit construction of primary fields associ- 
ated with all finite-dimensional irreducible typical and atypical representations of gl{2\2). 

Primary fields are fundamental objects in CFTs. A primary field \I/ has the following 
OPE with the energy-momentum tensor: 

T W * W = ^* M + ^M, (4.1) 

[z — w) z z — w 

where is the conformal dimension of ^(z). Moreover, the OPEs of ^(z) with affine 
currents do not contain poles higher than first order. A special type of primary field is 
the highest weight field (i.e. the vertex operator). 

We now construct primary fields of the gl(2\2) CFT in the standard basis for general 
level k. It can be shown that the vertex operator given by 

(4.2) 

where J±, J 2 are non- negative integer or half-interger and q,p are arbitrary complex num- 
bers, is the highest weight field of the gl(2\2)h current superalgebra with highest weight 
(Ji, J 2 ,q,p). That is, 

2 J 2 J 

Hi(z)V JliJ2:q>p (w) = j-^V Ju j 2 ^ p {w), H 2 (z)Vj u j 2iqjP (w) = —*-Vj uJa , q j,(w), 

h '{z)Vj^j 2 ^ p {w) = -^—y Ju j 2: g :P (w), H ex {z)V Ju j 2 ^ p {w) = -^—V Ju j 2>q , p (w), 
E 12 (z)V Jl:J2 , q , p (w) = E u (z)V Jl:J2:q:P (w) = E 23 {z)V Ju j 2 ^ p {w) = 0. (4.3) 
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Note that p and (3 are related to each other as is clear from (2.2). The conformal dimension 
of this field is 



1 



(.]] .],)(,], + ./ 2 + L) ^/(/;-2) -q 2 [\-(i 



(4.4) 



Some remarks are in order. Two arbitrary parameters q,p (or (3) appear in the vertex 
operator. This means that to given J 1; J 2 which specify a representation there correspond 
infinite families of primary fields. This is yet another interesting characterization of the 
non-semisimple gl(2\2)k current superalgebra. Moreover, as can be seen from (4.4) there 
exist infinite numbers of primary fields whose conformal dimensions are negative, which 
renders the CFT non-unitary. 

It follows from the results obtained in [17] that if q ^ ±( Ji — J 2 ), ±( J\ + J2 + 1), then 
the corresponding representations are typical; when q = ±(Ji — J2) or ±(Ji + J 2 + 1), 
atypical representations arise. The full set (of the two-parameter family) of gl(2\2) k 
primary fields labelled by g/(2|2) highest weight (Ji, J 2 ,(?,p) are spanned by multiplets 
of the even subalgebra gl(2)@gl(2), and each set contains at most 16 multiplets of 
gl{2) @gl{2). We shall call such a multiplet the level-x multiplet if the singular parts of its 
OPEs with Hi(z), H 2 (z), H'(z), H ex (z) are propotional to 2(mi+x), 2(m 2 +x), 2q, 2(p—x), 
respectively. These "levels" should not be confused with the level (specified by k) of the 
current superalgebra! Then the level-0 and level-4 multiplets with gl{2) © gl(2) highest 
weights (Ji, J 2 , q,p) and (J±, J 2 , q,p — 4) respectively are 

WfflW = (7l2(^)) Jl - mi (734(^)) J2 - m2 K7 1 , j2 , g , p (2 ; ), 

mi = Ji, Ji - 1, • • • , -Ji, m 2 = J 2 , J 2 - 1, • • • , -J 2 , 

^ Ji,mi,J2,m.2,q;p— &\ z ) 

= fe(^)^13(^)^4(^)^14(^)(7l 2 (^)) Jl - mi ^ 4 (734(^)) J2 - m2 - 4 K7 1 ,J 2 , g ,p(^), 

mi = Ji - 4, Ji - 5, • • • , -( Jx + 4), m 2 = J 2 - 4, J 2 - 5, • • • , -( J 2 + 4). (4.5) 

Both multiplets have the dimension (2 Ji + 1)(2 J 2 + 1). 

The four level-1 multiplets with gl{2) © gl(2) highest weights (Ji — |, J 2 — ^,q,p — 
1), (^1 + 5, ^2-|,?,p-l), (J1 + 5, Jz + \,q,p-l) and (Ji-|, J 2 + |,g,p-l), respectively, 
are given by 

1 1 

*J 1 -I,mi ) J a -A ) m 2 ,5».-l( 2! ) = foM*) + gW^^M*) ~ ^13 W734 (*) 

- i7l 2 (^)fe(^)734(^)](7l2(^)) Jl - mi ^(734(^)) J2 - m2 -^ Jl , j2 , g , p (^), J 1; J 2 > 1 

3 5 1 3 5 1 

mi = Ji - -, Ji , -( Ji + -), m 2 = J 2 - -, J 2 , -( J 2 + -), 

^ / ,/i + i,mi,J 2 -i,m2,'?;p-l( 2; ) 

15 1 

-(3Ji + mi + -)7i 2 (^)V ; 24(^) - g( 2 ^i + m i + 2 )7i2 (^#23(^)734^) 
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-(Ji - mi - h[i/Ju(z) - ^Vi3(^)734(^)] 



X (7l2W) Jl - mi -M734W) J2 - m2 ^K/ 1 ,J 2 , (? , P W ! -h > 

t 1 t 3 /j 3 . T 3 T 5 , T 1. 

™i = J i - 2' Jl _ 2' " ' ' ~( 1 + 2^' m2 = ~ 2' 2 ~ 2' " ' ' ~^ + 2^' 

^ Ji + ±,mi,J2+^,m2,q;p-l\ Z ) 

1/ 5 51 1 1 \ 

"4 V 3Jl + mi + 2^ 3J2 + m 2 + -) + -(Ji - mi - -)(J 2 - m 2 - -)J 

11 5 

x 712(2)^23(2)734(2) + -(Ji - mi - -)(3J 2 + m 2 + -)^i3(^)734(^) 



15 1 

- -(3Ji + mi + -)(J 2 - m 2 - -)7i 2 (^)^24(^) 



+ (Ji - mi - -)(J 2 - m 2 - ^14(2) 



(712(2)) 



J\—m\- 



} (734W) 



J 2 -m 2 - 



r 1 j 3 , T 3. 1 3 

"^1 = Ji - 2' J i ~ 2' " ' ' ~^ 1 + 2" m2 = ~ 2' ~~ 2 : 

^Ji-i, mi,J 2 +i, m 2 ,(?;p-l( 2; ) 



,-(^2 + -), 



15 1 

-(3J 2 + m 2 + 2)^13(2)734(2) + -(2J 2 + m 2 + 2)712(2)^3(2)734(2) 



+ (J 2 -m 2 - -) ["014(2) - ^712(2)^4(2)] 



X (712(2)) J - mi -n734(2) J ™-fK 7l , j2 , (? , p (^) ) Ji > 



1 

2' 



T 3 T 5 

mi = Ji - -, Ji - -, 



(■/i+i), m 2 = J 2 -i J 2 - 3 ,---,-(J 2 + ^). (4.6) 



2 „ 2 ' 2 

The dimensions for these multiplets are (2Ji)(2J 2 ), (2J X + 2)(2J 2 ), (2J X + 2)(2J 2 + 2) and 
(2Ji)(2J 2 + 2), respectively. 

The six level-2 multiplets with gl{2) © gl{2) highest weights (Ji, J 2 — l,q,p — 2), (Ji — 
l,J 2 ,q,p-2),(J 1 + l,J 2 ,q,p-2),(J 1 ,J 2 + l,q,p-2),(J 1 ,J 2 ,q,p-2) and (Ji, J 2 , q,p-2), 
respectively, are 



1 



+ 2 



-2(2) = ^24(2)^ 14 (2)(7l2(2)) Jl - mi - 2 (734(2)) J - m - 3 K7 1 , j2 ^^; 
1 1 



^23(2)^14(2) + -^23(2)^24(2)7l 2 (2) +^13(2)^4(2) + -^23(2)^13(2)734(2) 



X (7l2(2)) Jl - mi - 2 (734(2)) J2 - m2 - 2 K7 llJ2 , g , p (2), J 2 > 1, 

mi = Ji - 2, Ji - 3, • • • , -(Ji + 2), m 2 = J 2 - 3, J 2 - 4, • • • , -(J 2 + 1), 

WWJW =^13(2)^14(2)(7l2(2)) Jl - mi - 3 (734(2)) J2 - m2 - 2 K7 liJ2 , g , p (z) 



1 

+ 2 



^23(2)^14(2) + ^23(2)^13(2)734(2) +013(2)0 2 4(2) + ^23(2)^24(2)7l 2 (2;) 



x (7i2(2)) Jl - mi - 2 ( 7 34(2)) j2 - m2 - 2 V:r 



' 'Ji,J2,q,p( Z ) > ^1 - 1) 

mi = Ji - 3, Ji - 4, • • • , -(Ji + 1), m 2 = J 2 - 2, J 2 - 3, • • • , -(J 2 + 2), 

^ J 1 +l,m 1 ,J 2 ,m 2 ,q;p~2(z) 

-[Ji - mi - 1 + (3Ji + mi + 3)(3Ji + m x + 5)]^ 23 (2)?M2)(7i2(2)) 2 
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+ (Ji - mi - l)(Ji - mi - 2)^13(2)^14(2) + ^712 (2)^23 (2)^13(2)734(2)] 



-(Ji - mi - l)(3Ji + mi + 4)712(2;) [^13(2)^24(2) + ^23(2)^14(2)] 

Ji-mi-3/^ (^\\J 2 -m 2 -2 



2 

x(7 12 (2)) Jl - mi - 3 (734(2))- y2 - m2 -V Jl , j2 , g , p (2), 



mi = Ji - 1, Ji - 2, • • • , -(Ji + 3), m 2 = J 2 - 2, J 2 - 3, • • • , -( J 2 + 2), 



Jl,mi,J 2 +l,m 2 ,q;p—2 
1 



(2) 



[J 2 - m 2 - 1 + (3J 2 + m 2 + 3)(3J 2 + m 2 + 5)]^ 23 (2)?M2)(734(2)) Z 



+ ^(^ - m 2 - 1)(3J 2 + m 2 + 4)^23(2)^14(2) - ^13(2)^24(2)1734(2) 

+ (J 2 - m 2 - 1)(J 2 - m 2 - 2)^24(2)^14(2) + -^23(2)^24(2)712(2)734(2) 

X(71 2 (2)) J — - 2 (734(2)) J ™ - 3 V JliJ2 , g , p (2), 

mi = h ~ 2, Ji - 3, • • • , -(Ji + 2), m 2 = J 2 - 1, J 2 - 2, • • • , -(J 2 + 3), 

vl/ 1 

Jl,mi, J 2 ,m 2 ,q;p— 2\ ) 

= (J 2 - ma - 2)^ 24 (2)^ 4 (2)(7i2(2)) Jl - mi - 2 (734(2)) J2 - m2 - 3 K7 liJ2 ^(2) 



+ 



; (J 2 + m 2 + 2)^23(2)^14(2) - ^13(2)^24(2) 



+ y^(^2 -m 2 - 2)^23(2)^24(2)712(2) - ^(3J 2 + m 2 + 2)^23(2)^13(2)734(2) 

x(7l2(2)) Jl - m - 2 (734(2)) J2 ^ 2 - 2 K/ 1 , j2 , g , p (2), 

mi = Ji - 2, Ji - 3, • • • , -(Ji + 2), m 2 = J 2 - 1, J 2 - 2, • • • , -(J 2 + 2), 
11 

J\,m 1 ,J 2 ,m 2 ,q;p 



;p- 2 (2) 



= (Ji - mi - 2)^l 3 (2)^14(2)(7l 2 (2)) 



Jl — mi— 3 



(734(2)) 



J 2 — TO2 — 2 



K7i,J 2 ,?,p(2) 



+ 



--(Ji + mi + 2)^13(2)^24(2) + ^23(2)^14(2)] 



1 1 

+ — (^1 - mi - 2)^23(2)^13(2)734(2) - -(3Ji + mi + 2)^23(2)^24(2)712(2) 

X (7l2(2)) Jl — 2 (734(2)) J2 - m2 - 2 K 7l , j2 , g , p (2), 

mi = h ~ 2, Ji - 3, • • • , -(Ji + 2), m 2 = J 2 - 1, J 2 - 2, • • • , -( J 2 + 2). (4.7) 

Notice that the last two multiplets, which have been denoted by ^ / j limii j 2im , 2i g ;p _ 2 (2) and 
^Ji,mi,j2,m2,g;p-2(2), respectively, have the same highest weight (Ji, J2, q,p — 2). It is 
easy to see from the above expressions that ^\ )mi ,j 2 ,m 2 ,q;p-2i. z ) = when J 2 = and 

*",m 1 ,J 2 ,m 2 , 9 ;p-2(2) = when J x = 0. 

The dimensions for the first four multiplets are (2Ji + 1)(2J2 — 1), (2Ji — 1)(2J2 + 
1), (2Ji+3)(2J 2 +l) and (2J 1 +l)(2J 2 +3), respectively The dimension for ^\^j 2 ^ q , p _ 2 { 
is (2Ji + l)(2 J 2 +l) if J 2 7^ and zero if J 2 = 0. Similarly, the dimension for ^" imii j 2im , 2i g ;p _2 
is (2Ji + 1)(2J 2 + 1) if Ji + and zero if Ji = 0. 

Finally, the four level-3 multiplets with gl{2) © g/(2) highest weights (Ji — \,J 2 — 
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l,Q,P~ 3), ( Ji + §, J 2 - \, q,P - 3), (Ji - ±, J 2 + |, - 3) and (J x + ±, J 2 + ±, g,p - 3), 
respectively, read 



» 



(^13(2) + ^712(2)^23(2)^24(2)^14(2) 



Ji - 5 ,mi , J 2 - 5 ,"12 ,g;p-3 

+ ^23(^)^13(^)[^14(^) + ^7l2(^)^24(^)]734(^) 



X (7l2(*)) 
TO! = J x 



Ji— mi- 

7 

2' 



; (734(2)) 



^-mz-jy^ t J 2 , q , p (z), J ± , J 2 > ~, 

5 7 5 

, -(Ji + -), m 2 = J 2 -(J 2 + -), 



^ Ji + i ,mi , J2 - \ ,in 2 ,q;p- 3 ( Z ) 

1 9 

--(3Ji + mi + -)^23 (2)^24(2)^14 (2)712(2) 
5 1 

+ (Ji - mi - -)[-^24(2) + -^23(2)734(2)]^l 3 (2)^14(2) 

-^(5Ji + mi + 7^)^23(2)^13(2)^24(2)712(2)734(2) 



x (712(2)) 



Ji— mi- 



! (734(2)) 



J 2 -m 2 - 



2V 



Ji,J 2 ,g,pl 



5 7 7 5 

m l = J 1 - -(Ji + -), m 2 = J 2 - - ,-(J 2 + -), 

^ Ji - ± ,m.! , J 2 + ± ,m 2 3 (2) 

1 9 

--(3J 2 + m 2 + -)^ 23 (2)^13(2)^14(2)734 (2) 
5 1 

+ (J 2 - m 2 - -)[^i3(2) + -^23(2)712(2)^24 (2)^14(2) 
1 11 

-g(5J 2 + m 2 + y)^23(2)^13(2)^24(2)7l2(2)734(2) 



x (712(2)) 



J\ — mi- 



5 (734(2)) 



J 2 -m 2 - 



1 



^16x^,^(2), Jl > -, 

x 7 ,t 5 a j 5 . T 7. 

"ii = Ji - • • •, -(Ji + -J, m 2 = J 2 - -, • • -(J 2 + -J, 

» = [\ ((3^i +% + ^)(3J 2 + m 2 + -) 



J1+2 ,mi, J 2 + ^,m 2 ,g;p-3 



1 5 5 \ 

--(Ji - mi - -)(J 2 - m 2 - -)) 712(2)^23(2)^13(2)^24(2)734(2) 
15 9 

- -(Ji - mi - -)(3J 2 + m 2 + -)^ 23 (2)^13(2)^14(2)734(2) 

19 5 

- 2^ Jl + m i + 2^^ 2 ~ m 2 - 2)712(2)^23(2)^24(2)^14(2) 

5 5 
+ (Ji - mi - -)(J 2 - m 2 - 2)^13(2)^24 (2)^14 (2) 

x (7i2(2)) J - mi ^(734(2)) j2 - m2 -i\/ Jl , j2>g , p (z), 
mi = Ji - -(Ji + -), m 2 = J 2 - - ,-(J 2 + -). 



(4.8) 



The dimensions for these multiplets are (2 J x )(2 J 2 ), (2 J x + 2) (2 J 2 ), (2 Ji)(2J 2 + 2) and 
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(2Ji + 2)(2J 2 + 2), respectively. 

Summarizing, we have obtained 16 independent multiplets, (4.5) and (4.6)-(4.8), of 
gl(2) © gl(2), which span the full set (of the two-parameter family) of primary fields for 
the gl(2\2)k current superalgebra in the standard basis. For generic q, these primary fields 
constitute irreducible typical representations of gl(2\2) of dimension 16(2 Ji + 1)(2J 2 + 1). 

The OPEs of the odd currents with the 16 multiplets can be worked out by means 
of the results obtained in [17], which will not be written down here. From these OPEs, 
it can be shown that when q = ±(Ji — J 2 ), + J2 + 1), the representations become 
atypical. So we have four types of one-parameter family of primary fields associated with 
the four types of irreducible atypical representations: 

Case 1: q = J\ — J 2 . 

We first consider the case when q = J x — J 2 and J\ 7^ J 2 . In this case, all multiplets 
drop out except 

^ Ji,mi,J2,rri2,q;p( z ) i ^Ji— l/2,mi , J2-l/2,m2 ,q;p—l i Z ) J 
* Jl+l/2,mi,; 2 -l/2,m2,?;p-l(^)) * Ji-l/2,mi, J 2 +l/2,m2,q;p-l( Z ) > 

^Jl,mi,J2,m 2 ,g;p-2( 2; ) = Ji,mi,J 2 ,m2,g;p-2( 2; ) + Jj >mi , J 2 ,m 2 ,<?;p-2 ( Z ) ? 

^ Ji — l,mi,J2,m2,q;p— 2\ z )i ^Ji,mi, J 2 — l,m2,<2;p— 2(2) , 

X I / Ji-l/2,m 1 ,J 2 -l/2,m2,g;p-3(^)- (4.9) 

These surviving multiplets form a one-parameter (p or /3) family of irreducible atypical 
representations of gl{2\2) of dimension 8[(2Ji + 1)J 2 + J\(2J 2 + 1)]. When Ji = J 2 = J 
so that 9 = 0, the only surviving multiplets are 

X J / J,mi,J,m 2 ,0;p(^), * J+l/2,mi, J-l/2,m 2 ,0;p-l (z) j 
*J-l/2,mi,J+l/2,m 2 ,0;p-l(^)) 

^ / j y mi,J,m 2 ,0;p-2( 2; ) = ^ J,mi,J,m 2 ,0;p-2( 2; ) + ^ J,mi , J,m 2 ,0;p-2 ( Z ) i (4-10) 

and they give a one-parameter (p or /3) family of irreducible atypical representations of 
dimension 4[(2J + l) 2 — 1/2] if J ^ and the trivial one-dimensional representation if 
J = (for which the only multiplet is ^'o,o,o,o,0;p(- 2 ))- 

Case 2: q = —J\ + J 2 . 



Let us introduce 



V r f sym2 / \ 

J,mi,J,m,2,q;p— 2\ A/ J 



(Jl + l)*J 1)mil J 2 , m2 ,q;p- 2 (^) 

+ (J 2 + l)^, mi , j2 , m2i?;p _ 2 (^) for ^ 0, J 2 ^ 0, 

^0,0,J2,m2,g;p-2(^) fOT J l = °> 

I *",m 1 ,o,o, ? ;p-2(^) for J 2 = 0. 
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Then when q = — J 1 + J 2 , the only surviving multiplets are 

^ / Ji,mi,J 2 ,m 2 ,-?;p(^) ) * Ji+l/2,mi , J 2 +l/2,m 2 ,q;p-l (^J , 
*Jl+l/2,mi,J 2 -l/2,m 2 , ? ;p-l(z), * Ji-l/2,mi, J 2 +l/2,m 2 ,q;p-l (^) j 
^J^,mi,J 2 ,m 2 ,< ? ;p-2( 2; )) * Ji+l,mi , J 2 ,m 2 ,<?;p-2 (2) , 
*Jl,mi,J2+l,m 2 ,q;p-2(^), X I / Ji+l/2,m 1 ,J 2 +l/2,m 2 ,g;p-3(^), 



(4.12) 



and they consttute a one-parameter (p or /3) family of irreducible atypical representations 
of gl(2\2) of dimension 8[(Ji + 1)(2J 2 + 1) + (2J X + 1)(J 2 + 1)]. 



Case 3: g = Ji + J 2 + 1. 
Let us introduce 



^asym3 / \ 

J,mi, J,m,2,q;p— 21 / 



^1 ^ Ji ,mi , J 2 ,m 2 ,<?;p-2 ( Z ) 

- (J 2 + lM umu j 2 , m2 , q;P ~2(z) for Ji ^ 0, J 2 ± 0, l3 
for J! 



, ^jfl,mi,0,0,g;p-2( 2; ) 

Then only the following multiplets 



Jl-1 



for J 2 



/2,mi,J 2 -l/2,m 2 ,g;p-l(^)) 



0. 



^ J 1 +l/2,m 1 ,J2+l/2,m,2,q;p-l( z )j Ji-l/2,mi,J 2 +l/2,m2,q;p-l( z )i 
^Ji/mi,J 2 ,TO 2 ,(?;p-2( 2 )) ^Ji-l,mi,J 2 ,m 2 ,g;p-2(^)) 
*Jl,mi,J 2 +l,m 2 ,g;p-2(^), * Ji-l/2,mi,J 2 +l/2,m 2 ,g;p-3(z) , 



(4.14) 



remain, and they form a one-parameter {p or /3) family of irreducible atypical represen- 
tation of gl{2\2) of dimension 8[(2Ji + 1)(J 2 + 1) + Ji(2J 2 + 1)]. 

Case 4: q = —J\ — J 2 — 1. 



For this case we introduce 

(Ji + l)^ / j ljm , li j 2im2)g;p _ 2 (^) 

— </2 X I / J limii J 2im2ig; p_ 2 (^) 



l j / asym4 / \ 

J,mi,J,m,2,q;p— 2\ ) 



^0,0,J 2 ,m 2 ,q;p-2( Z ) 





for Jx ^ 0, J 2 ^ 0, 
for Ji = 0, 
for J 2 = 0. 



(4.15) 



Then the only surviving multiplets are given by 

l I / Ji,mi,J 2 ,m 2 ,< ? ;p(2;), * Ji-l/2,mi , J 2 -l/2,ro 2 ,g;p-l ( 2 ) > 
l I / Ji+l/2,m.i,J 2 +l/2,m 2 ,<ir;p-l(^) ) * Ji+l/2,mi, J 2 -l/2,m 2 ,q;p-l (^) > 
^ / Ji/mi,J 2 ,m 2 , ( j;p-2( 2 )) ^ Ji,mi, J 2 -l,m 2 ,q;p-2 ( z ) 5 

^ / Ji+l,m 1 ,J 2 ,m 2 ,g;p-2(^), * Ji+l/2,mi , J 2 -l/2,m 2 ,g;p-3 ( 2 ) > (4.16) 

and they give a one-parameter (p or (3) family of irreducible atypical representations of 
gl(2\2) of dimension 8[(Ji + 1)(2J 2 + 1) + (2Ji + 1) J 2 ]. 
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5 Screening currents in the standard basis 



An important object in the free field approach to CFTs is the screening current operator. 
Screening currents are primary fields of conformal dimension 1, and their OPEs with 
the currents and the energy-momentum tensor are regular up to a singular part which 
is a total derivative. Thus integrated screening currents (i.e. screening charges) may be 
inserted into correlators without altering the conformal or affine Ward identities. In [16], 
three fermionic screening currents of the first kind corresponding to the three fermionic 
simple roots of gl(2\2)k current superalgebra were obtained. Note that the set of screening 
currents depends on the choice of simple root systems of the underlying superalgebra. In 
particular, the numbers of bosonic and fermionic screening currents of the first kind are 
equal to the numbers of even and odd simple roots, respectively [13]. 

In this section, we construct two bosonic and one fermionic screening current operators 
of the gl(2\2) CFT in the standard basis. The three screening currents we find are 



S 12 (z) 
£23(2) 



Mz) + ^23(^13(2) + 7^24(2) + ^ 34 {z)lp23{zMu{z) 
P3i(z) ~ ^23(2)^24(2) - ^13(2) - ^712(2)^23 (z)]lpu(z) 



^23(2) - ^712(2)^13(2) + ^734(2 



24(2) 



3712(2)^14(2) 



Sl 2 (2), 
S34(2), 
S 23 (2),(5.1) 



where 



512(2) = exp 



523(2) = exp 



Vk 
■ J_[ 



0i (2) 



534(2) = exp 



Tk Mz \ 



i'(2)-<M2)+0 2 (2)] 



(5.2) 



The OPEs with the supercurrents and energy-momentum tensor are given by 
E iji+1 {z)Sjj +1 (w) = 0, 



H i( z )Sj,j+i(w) = H 2 (z)S jJ+1 (w) = H'(z)S jtj+1 (w) 

( k N 

E i+14 (z)S jd+1 (w) 



H ex (z)S jjj+1 (w) = 0, 



z — w 



5 i,i+i 



w 



T ( z ) S j,j+i( w ) = d u 



-S 



z — w 



ij+i 



i,j = 1,2,3. 



(5.3) 



6 The Knizhnik-Zamolodchikov equations 

Let ^a(z) be the primary field found in section 4 corresponding to the g/(2|2) representa- 
tion A = (Ji, J2, q,p). Its conformal dimension Aa is given by (4.4). Here we only consider 
the holomorphic part. The OPEs of such a primary field with the energy-momentum ten- 
sor T(z) and the supercurrents Ei m {z) can be worked out and be written as the form: 
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E lm (z)^ A (w) = 



M 



(lm) 



Z — W 



(6-1) 



where M A lm ^ is the representation of the gl(2\2) generators E tm for the field ^a(z), which 
was obtained in [17]. 

Introduce the iV-point correlation function of the primary fields, 



W N ({zi}) =< *A 1 (z 1 )---V A .(z i )---* AN (z N ) > . 



(6.2) 



Then from the OPEs (6.1) one may derive the Ward identities corresponding to the global 
gl(2\2) and conformal symmetries: 



N 

E & + % + (« + l)A Aj *?) W N ({ Zj }) = 0, 



where n— —1, 0, +1 and 



N 



E M K ^W N {{z 3 }) = 0. 

3=1 



(6.3) 



(6.4) 



Up to a numerical factor, the two- and three-point correlation functions of the gl(2\2) 
primary fields are determined by the projective Ward identities (6.3). For the four-point 
correlator, the projective Ward identities determine its form up to a matrix function F(x) 
of the cross ratio x — (zi — z 2 )(z 3 — z±)j{zi — z%){z± — Z\). 

From the OPEs (6.1) one may derive a set of partial differential equations that the 
correlation function W^({zi}) satisfies. Such differential equations are known as the 
Knizhnik-Zamolodchikov (KZ) equations. It can be shown that the KZ equation for the 
correlation function Wjv({zj}) has the form, 



(-l)M 



E 

3^1 



(M A l fM A 



(ml) + M fn) M (ral)^ + £ 



W N ({ Zi }) = 0, (6.5) 



where it should be understood that both indices I and m are summed from 1 to 4. For the 
four-point correlator, the KZ equation reduces to a matrix differential equation for F(x). 
Further computation depends on the choice of the representations of the primary fields 
labelled by Aj, which is beyond the scope of the present paper. A detailed discussion of 
this and other related problems concerning the gl(2\2) CFT will be given in a separate 
paper. 



7 Conclusions and discussions 

In this paper we have continued our investigation of current superalgebras and their 
corresponding non-unitary CFTs. We have constructed the Sugawara energy-momentum 
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tensor, an infinite family of primary fields and three screening current operators of the 
non-unitary gl(2\2) CFT in the standard basis for general level k. 

As mentioned in the introduction, one of the motivations for this study is the appli- 
cation of the current superalgebra and the corresponding non-unitary CFT to disordered 
systems such as the integer quantum Hall transition. The results obtained in this pa- 
per provide some basic ingredients useful in the supersymmetric treatment [18] of certain 
Gaussian type disordered systems. Such applications are under investigation, and results 
will be presented elsewhere. 
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